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Abstract:

The goal of this paper is to define for the first time the concept of symbolic
2-plithogenic weak fuzzy complex number as new generalization generated by

combining real numbers with symbolic 2-plithogenic numbers.

We study the elementary properties of this new class such as Invertibility and

nilpotency, with many related examples that explain its novelty.

Keywords: symbolic 2-plithogenic number, weak fuzzy complex number, real

number.

Introduction and preliminaries.

The concept of weak fuzzy complex numbers was defined firstly in [7] by the
following form: C,, = f{a+bJ; J> =t €]0,1[,a, b € R}.

It is clear that C,, contains the real field R.

Weak fuzzy complex numbers were used to study vector space theory in [10], and
programmed with Python [3].

Weak fuzzy complex numbers and their similar real extensions [8-9,15] are very
useful in algebraic studies and computer science, especially split-complex numbers.
The concept of symbolic 2-plithogenic numbers was presented in [4] as a direct

application of symbolic n-plithogenic sets in algebraic structures [1-3]. Also, many
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generalizations of symbolic 2-plithogenic algebraic structures and 3-plithogenic

structures were defined by many authors, see [5-6,11-14].

In this paper, we combine symbolic 2-plithogenic real ring 2 — SP; with weak

fuzzy complex ring C,,, to get a novel generalization of real numbers.

We discuss some of their elementary algebraic properties in terms of theorems with

many easy and clear illustrated examples.

Main concepts.

Definition.

We define the set of symbolic 2-plithogenic weak complex numbers as follow:

2 =SB, ={(xo + x1Py + x,P;) +J(¥o + y1P1 + ¥2P2); x;, yi, E R, J> =t € ]0,1[}
Addition on 2 — SPB, is defined as follows:

For X = (ay + a;P; + a,P,) + J(by + b1 P; + b, P,),

Y = (co + 1Py + cPy) + ]J(dy + dy Py + dyPy).

X+Y =[(ag+co) + (ay +c1)Py + (ay + c3)P,] +J[(bg + dg) + (by +d1)P; +

(by + dy)P,].

Multiplication on 2 — SP,, is defined as follows:

X.Y =(ag+ a1Py +a,P;)(co + ¢1Py + ¢, P,) + t(by + by Py + b,P,)(dy + d1 P, +
d,P,) + J[(ag + a;P; + a,P,)(dy + d,P; + dyP,) + (by + by Py + b,P,)(co + 1Py +
c2P;)] = (agco + thody) + Py(agcy + ajcy + ascy + thydy + thdy + thydy) +
P,(agc, + a;c, + aycy + a,cqy + aycy, + thyd, + thyd, + th,dy + thyd, + thyd,) +
J[(agdy + bocy) + Pi(apdy + a1dy + a,dy + bocy + bicy + bicy) + Py(apd, + a;d, +
a,dy + a,d, + a;d, + a,d, + byc, + bicy, + bycy + bycy + bycy)].

Example.

Take X = (P —P) +J (3 —Pp),Y = (1+P) +J(P);J2 =t =,
X+Y=QA+P)+]JB)=@0+P)+3].

XY =P +P —P,—Py+5(3P,—P) +][P,— P, +3+3P,— P, — P,] =
(2P, — 2P, + P,) +J(3 —P,) = (2P, — P,) +J(3 + ).

Remark.
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(2-SP,,+,.) Is a commutative ring.

Invertibility

It is known that A + BJ is invertible if and only if A+ BVt,A— Bt;J> =t €]0,1]
are invertible.

This means that X = (ag + a;P; + a,P,) + J(by + b1 P; + b,P,) is invertible if and
only if

A+ BVt = (ag + byVt) + (ay + biVt)Py + (az + boVE)P,

A =BVt = (ag — byVt) + (a; — byVt)Py + (a; — bVE)P,

Are invertible in 2 — SPg.

It is known from the invertibility of symbolic 2-plithogenic real numbers that:

A + B+t is invertible if and only if:

ag + boVt # 0, (ay + a;) + (by + bVt # 0,(ag + a; + ay) + (by + by + b))Vt # 0
which is equivalent to:

If Vt#—=2 or

] Ve (a"*“” OT for by, by + by, by + by + by # 0.

L Vi (a0+a1+a2)

by # 0
Or { bo + b1 *0
by + by + b, #0
A — B+t isinvertible if and only if:
ao_bo\/f;t O,(a0+a1)_(b0+b1)\/?¢ O,(a0+a1+a2)_(b0+b1+b2)\/?¢ 0
which is equivalent to:

by # 0,by + by # 0,by + by + by # 0.

Vt # @ or
0
(a0+a1)
Or {Vt#—">=*% Doths or
(ap+a;+ay)
vt # bo+b1+b
Example.

We try to find all non-invertible elements in 2 — SP,,.

Casel.
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For by =0, X = (ag + a;P; + ayP,) + J(by + b1 P; + b,P,); a;, b; € R.

Case2.

For by # 0,by + by = 0,X = (ag + a; P, + ayP,) + J(by — b1 P; + b,P,); a;, b; € R.
Case3.

For by # 0,by + by # 0,by + by + b, = 0,X = (ag + a P, + a,P,) + J(by + b Py +
(=bo — b1)P,); a;, b; € R.

Cased.

V= Z—O or \Vt = —‘;—z,x = (Vtby + a,Py + ayP;) + J(by + by Py + byP,); a;, b; € R.

Caseb.

\/E — (a0+a1) \/— — (a0+a1) then
bo+ +by ’

X:a0+P1(\/E(b0+b1)_a0)+a2P2 +](b0+b1P1+b2P2), al',bl' € R.
Case6.

(a0+a1+a2) (a0+a1+a2)
t=——= or vVt = —————= then:
Vi bo+by+b, Vi bo+by+b, ’

X =ag + a,Py + P,(—Vt(by + by + by) —ag — a;) + J(by + by Py + b,P,); a;, b; €R
Example.

For J2=t= % take X = (2 4+ P, — 5P,) + J(5 + 6P, + 12P,), X is invertible that is
because:

b0¢0,b0+b1¢0,b0+b1+b2¢O,and

( _ a0_2
V= b0 5
1 Qo 2
ﬁ_§¢_b_0__§
1 (ag+a) 3
) VE= 3 * S o T
1 (ap +ay) 3
V=t S, Tl
Ji= 1 (a0+a1+a2)_ 2
37 bo+b,+b, 23
\/__1 (a0+a1+a2) 2
=37 bo+b, +b, 23
Theorem.

Let X=A+BJj€2-SP,, A B €2—SPg, thenif X isinvertible, we get:
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Xt =@+ (A=) [ - (-5

Proof.

Put ¥ =2[(A+BVE) " +(4—BVE) | +5=/[(A+BVD) - (4—BVE) ]

X =3[a(a+ VD) +a(a—BVD) |+ FB(a+ BV - TB(A-BVD)
L[B(a+BVE) " +1B(A-BVD) +-A(A+BVD) - -A(A-BVD) | =
S(A+BVD(A+BVD) +2(A-BVD(A-BVD) +J[3(B+%)(A+BVD) T +
(B -0 =14 [ (B4R v D" () (-5 ] -

1+J(0)=1,thus X =Y.

Remark.
A+ B\/E = (ao + bo\/z) + (a1 + bl\/?)Pl + (az + bz\/?)Pz
-1 1 1 1
A+BVt) = + - P
( ) ao + boVt l(ao +a;) + (bo + bVt ag+ bo\/zl !

1 1
+[ _
(ag+ay +ay) + (by + by + b))Vt  (apg+ay) + (by + bVt

A — BVt = (ag — byV't) + (a; — biVt)Py + (a; — b\t)P;.
(A+BVD) =

P,

1 1 1 1
ap—boVt + [(a0+a1)—(bo+b1)\/f B ao—bo\/f] P+ [(a0+a1+a2)—(b0+b1+b2)\/f B

1
(a0+a1)—(b0+b1)\/f] P,

On the other hand, we have:

1 1 ao - bo\/f + aO + bo\/? Zao
+ = > = 5 e (1)
ap + bo\/f ag — bo\/z CLOZ — bo t aOZ - bO t
1 1 _ag— bVt —ag— bVt —2byVt D
ag + bo\/E ag — bo\/z B a02 - bozt B aoz — bozt
1 N 1 _ 2(ag+aq) @
(ap +ay) + (b + b1)\/? (ag +ay) — (by + b1)\/z (ap + ap)? — (by + b))%t ™
1 1 —2(by + b))Vt ,
(bo + bVt e

(g + ay) + (by + bOVE  (ag + ay) — (bg + bOVE  (@o + a1)? — (b + b))%t
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1 1
(ag +a; +ay) + (by + by + bz)\/?Jr (ag+ ay + a,) — (by + by + b))Vt
_ 2(ag + a; + a,) 3)
(ap+ ay + ay)? — (by + by + by)%t ™~
1 1
(ag + ay + ay) + (by + by + b)VE  (ag + ag + a,) — (b + by + b)VT

2(by + by + b))Vt

- . (3
(agp +a, +az)? — (by + by + by)?t 3

This implies that:

-1 __ 21 a0+a1 _ 1)) a0+a1+a2
X - aoz—bozt + ((a0+a1)2—(b0+b1)2t aoz—bozt) P1 + ((a0+a1+a2)2—(b0+b1+b2)2t

Go+a, ___bg —(bo+b1) bg )

(a0+a1)2—(b0+b1)2t) P2 +] [ aoz—bozt ((a0+a1)2—(b0+b1)2t aoz—bozt P1 +
( —(bo+by+by) (bo+by) )P ]

(ap+ai+az)?2—(bg+by+by)%t = (ap+as)?—(bo+by)?t 2

Examples.

Take ]2=t=ﬁ X=(1+P,+P)+J(5—P, +P,), then ﬁ=1io,a0=a1=a2=

1,b0 = S,bl = _1,b2 = 1

— —4 5 -5 4
+J 1_§+ 4_3+1_2_5 P, + 1_2_5+4_E
10 10 10 10 10
_TL0 (20,19 4 (22,
15 24 ' 15)°1 " \65 24/)°%
50 —40 50 —-50 40
+J 1_5+(7_1_5>P1+<E+ﬁ>’32]
-2 5 2 6 5
=?+(3+§>P1+(1—3‘5>P2
+] E+<_—5—E>P +<_—10+E)P]
3 3 3)1 3 ' 3)°%

_(—24_31D 29P)+ [(10 5P+35P>]
_321792]31392

Natural power.

Let X =A+ BJ;A,B € 2 — SPy, then:
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X" = %[(A +BVE)" + (4- BVD)"| + i?] |(4+BvD)" — (4= BVD)"|
The previous result can be proven easily by induction.
We have:
A+ BVt = (ag + boVt) + (ay + biVt)Py + (a; + byVE)P,
(A+BVE)" = (ap + bovE)" + [(ao +ay + (bo + b)VE)" — (ao + box/?)"] P,
+ [(a0 +ay + ap + (bo + by + b)VE)" — (ao + ay + (bo + bl)\/f)n] P,
A =BVt = (ag — byVt) + (a; — biVt)Py + (a; — boVE)P,
(A+BVD)" = (a0 — bovD)" + [ (a0 + @ — (bo + bVT)" — (a0 — boVT)"| Py

+](Cao + a1 + az) = (b + by + bVE) — (ag + a3 — (bo + bVD)"| P,
This implies that:
X" =2 [(ao +bovt)" + (2o — bovE)" + ((ao + ay + (b + bVE)" + (ao + oy -
(bo + bVE)" = (a0 + bovt)" — (2o = bovE)") Py + (((ao + a1 + @) + (b + by +
bz)\/f)n + ((ao +a; +ay) — (b + by + bz)\/f)n — (ag + ay + (by + bVE)" —
(a0 + @z — (bo + b)VE)") Po| + =73 (a0 + bovE)" + (a0 — bovE)" + (a0 + oy +

(bo + bVE)" = (ao + ay — (bo + b)VE)" — (a0 + bovD)" + (2 — boVE)") Py +

(((a0 +ay +ay) + (bo + by + bz)\/f)n + ((a0 +ay +ay) — (bo + by + bz)\/f)
(a0 + ay + (bo + bVE)" + (a0 + a; = (b + bVE)") Py |

Definition.

Let X=A+BJ€2~-SP,;A B € 2—S5Pg, we say that:

1). X is 2-nilpotent if and only if X? = 0.

2). X is 3-nilpotent if and only if X3 = 0.

The equation X2 = 0 is equivalent to:

{AZ +B?t=0..(1)
2AB=0..(2)

We multiply (1) by A toget A*=0=4=0.
We multiply (2) by B toget B>=0=B=0

So that the only 2-nilpotent element in 2 — SP,, is 0.
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By a similar discussion, we get that only m-nilpotent element in 2 — SB,, is 0.
Conclusion:

In this paper, we have defined for the first time the class of symbolic 2-plithogenic
weak fuzzy complex numbers by combining two algebraic classes (symbolic
2-plithogenic numbers and weak fuzzy complex numbers). Also, we have studied
some of their elementary properties such as Invertibility and nilpotency, where a
formula to compute the invers of a symbolic 2-plithogenic weak fuzzy complex
number is obtained.

In the future, we encourage other researchers to study matrices with symbolic
2-plithogenic weak fuzzy complex numbers.
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